The structure of local and global harmonic morphisms between Riemannian manifolds, with totally geodesic fibres, is investigated. It is shown that non-positive curvature obstructs the During the course, of this work we prove the non-existence of submersive harmonic morphisms with totally geodesic fibres from some important domains, for instance from compact locally symmetric spaces of non-compact type and open subsets of symmetric spaces of compact type.
INTRODUCTION
Harmonic morphisms are maps between Riemannian manifolds which preserve germs of harmonic functions, i.e. these (locally) pull back real-valued harmonic functions to real-valued harmonic functions. These are characterized as a subclass of harmonic maps, precisely, these are harmonic maps which are horizontally (weakly) conformal. What is special about this characterization is that it endows harmonic morphisms with analytic as well as geometric properties. On the other hand, it puts strong restrictions on their existence as solutions of an over-determined system of partial differential equations. The purpose of this article is to study questions related to the existence and structure of harmonic morphisms, with totally geodesic fibres, from compact and non-compact Riemannian manifolds.
The Bochner technique, in its natural setting, is a method to investigate obstructions to the existence of geometric objects on positively curved compact manifolds. The technique mainly relies on the development of a suitable Laplacian identity and its analysis to explore restrictions on the existence of the objects under study. The conventional Bochner technique, though very powerful, is not a handy tool to explore restrictions on the existence of geometric objects on negatively curved compact domains. Until now, the investigation of general restrictions on harmonic morphisms from compact negatively curved manifolds is limited to the following cases. Harmonic morphisms are related to horizontally (weakly) conformal maps which can be defined in the following manner. 
A smooth map is a harmonic morphism if and only if it is harmonic and horizontally (weakly)
conformal.
The 
Moreover, the mixed sectional curvatures of the domain satisfy the following relation. 
where λ is the dilation.
For the fundamental results and properties of harmonic morphisms, the reader is referred to Since the above identity holds for each e α for α = 1,... ,n, therefore, summing over α completes the proof.
•
The above formula will naturally be useful to obtain consequences for maps from compact First we consider harmonic morphisms of dimension > 1. (
1) If φ has totally geodesic fibres then it has constant dilation and integrable horizontal distribution i.e. up to a homothety it is a totally geodesic Riemannian submersion.
(2 Proof.
(1) The proof follows from the fact that irreducible Riemannian symmetric space of compact type have non-negative sectional curvature. Proof.
(1) From Theorem ??, up to a homothety, φ is a Riemannian submersion with totally geodesic fibres and integrable horizontal distribution. Therefore, the horizontal submanifolds are totally geodesic and flat, hence K N = 0, which completes the proof. •
